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Abstract 

^ . We present the N=4 superspace constraints for the two-dimensional (2d) off-shell 

(4,4) supergravity with the superfield strengths expressed in terms of a (4,4) twisted 
^ ■ (scalar) multiplet TM-I, as well as the corresponding component results, in a form 

I suitable for applications. The constraints are shown to be invariant under the N=4 

super- Weyl transformations, whose N=4 superfield parameters form another twisted 
(scalar) multiplet TM-II. To solve the constraints, we propose the Ansatz which makes 
the N=4 superconformal flatness of the N=4 supergravity curved superspace manifest. 
The locally (4,4) supersymmetric TM-I matter couplings, with the potential terms 
resulting from spontaneous supersymmetry breaking, are constructed. We also find 
the full (4,4) superconformally invariant (improved) TM-II matter action. The latter 
can be extended to the (4,4) locally supersymmetric Liouville action which is suitable 
for describing (4,4) supersymmetric non-critical strings. 
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1 Introduction 



A full off-shell structure of any supersymmetric field theory most naturally exhibits 
itself in superspace, provided the superfield formulation of the theory in terms of 
unconstrained superfields (the so-called prepotentials) is available. This is particularly 
relevant for the supergravity theories, which are usually formulated in superspace 
by using the Wess-Zumino-type constraints |^ (see refs. 0, |, ^ for a review.) A 
fully covariant superfield formulation is desirable for quantisation purposes, as well 
as for renormalisation or a finiteness check. A covariant superspace solution is also 
useful for studies of super-Riemannian surfaces and the associated super-Beltrami 
differentials, where conformal gauge may not be convenient and light-cone gauge may 
not be accessible, e.g. as far as the higher-genus string and superstring amplitudes 
are concerned [Q. 

Once a full set of auxiliary fields needed to close the supersymmetry algebra in 
a supersymmetric field theory is known, it should be possible to solve the equivalent 
superspace constraints. In four dimensions, the full solution to the N=l superspace 
supergravity is known for a long time 0, whereas solving the N=2 extended super- 
space supergravity presumably requires the use of the N=2 harmonic superspace 0, 
with the necessarily infinite number of auxiliary fields. As far as the four- dimensional 
N=2 supergravity in the ordinary N=2 superspace is concerned, only linearised solu- 
tions were found so far p, |^. 

In two dimensions (2d), where the Lorentz group is more restricted, it should be 
possible to find full covariant solutions to the {p, q')-extended supergravities in the or- 
dinary (p, g)-extended superspace, whenever the corresponding off-shell formulation 
is available, i.e. iip,q < 4. Indeed, the fully covariant solutions are already known for 
(1,0) [ig], (1,1) [0], (p,0) PI and (2,2) [|l|] supergravities. In particular, the solu- 
tion to the 2d, (2, 2) supergravity can also be obtained by dimensional reduction from 
four dimensions (4d). Though being not practical for solving superspace constraints, 
the method of dimensional reduction is nevertheless useful for getting insights into 
the complicated component structure of extended supergravities, and for spontaneous 
supersymmetry breaking as well (see sect. 4 for an example). 

To the best of our knowledge, no attempts were ever made towards solving the 
covariant 2d off-shell (4,4) superspace supergravity constraints, since they were first 
formulated by Gates et. al. in ref. |]1^ (see also the related work |1^). Recently, 
Grisaru and Wehlau [jl6|, [l^ found the complete covariant solution to the 2d, (2,2) 
supergravity constraints in the ordinary N=2 superspace, as well as the corresponding 
superspace measures and invariant actions. It was achieved, in part, by working in a 
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proper light-cone-type basis, rather then using the gamma matrices as in refs. 115 



In this paper, we begin the similar program for the case of the 2d, (4,4) superspace 
supergravity. Surprisingly enough, as far as the solution to the (4,4) supergravity 
constraints is concerned, it turns out to be possible to follow the lines of the N=2 
solution up to a Wess-Zumino-type supersymmetric gauge fixing. The gauge-fixing 
should result in only one irreducible (4,4) superfield describing the off-shell N=4 
conformal supergravity multiplet. It is related to the fact that the general (4,4) 
vector superfield H"^ has many redundant supersymmetric gauge degrees of freedom, 
unlike its N=2 counterpart. The relevant irreducible superfield can be rather easily 



identified in the linearised approximation [18]. Gauging away the rest of the N=4 
superfields does not introduce propagating ghosts, despite of a high degree of non- 
linearity. The supersymmetric gauge-fixing in the (4,4) superspace supergravity is 
however beyond the scope of this paper. 

We also present here some interesting new features for 2d couplings of the twisted 
chiral matter multiplets, TM-I and TM-II, to the (4,4) supergravity. In particular, 
we show how to generate the potential terms via spontaneous N=4 supersymmetry 
breaking by dimensional reduction. This approach can be considered as the alterna- 
tive to the global symmetry gauging in the (4,4) extended supergravity with matter, 
which usually leads to the (classical) scalar potentials unbounded from below [|19|, pO| . 
The known exception is the Wess-Zumino-Novikov-Witten-Liouville-tjpe (WZNWL- 
type) non-linear sigma-model (NLSM), which reduces to an SU{2) x U{1) WZNW 
model in the limit of vanishing Liouville-type interaction [^, ^ It is precisely 
the WZNW model whose symmetry gauging amounts to the coupling with the (4,4) 
super gravitational background in the superconfomal gauge [^. It is of interest to 
know the full covariant and explicitly supersymmetric form of that NLSM, and the 
(4,4) superspace supergravity provides the natural framework for that purpose. 

Our paper is organized as follows: in sect. 2 the N=4 superspace geometry and 
the N=4 superfield supergravity constraints are discussed. Sect. 3 is devoted to 
the component structure of the scalar multiplets TM-I and TM-II. In sect. 3 we 
briefly review the solution to the N=2 superfield supergravity constraints as presented 
in ref. [0, which constitutes the pattern we are going to follow to solve the N=4 
constraints in the next sect. 4. In sect. 5 we construct the (4,4) locally supersymmetric 
2d NLSMs out of TM-I and TM-II matter. In particular, we find the fully covariant 
(4,4) supersymmetric extension of the Liouville theory, and generate potential terms 
due to the spontaneous supersymmetry breaking. Our conclusions are summarized 
in sect. 6. A part of our notation and conventions, as well as some useful identities, 
are collected in Appendix A. The component structure of the 2d, (4,4) supergravity 
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multiplet is reviewed in Appendix B. In Appendix C we describe the dimensional 
reduction of the 4d reduced chiral N=2 superfield down to two dimensions, which 
generates the scalar potential leading to spontaneous supersymmetry breaking. 



2 N=4 superspace geometry 

The 2d minimal off-shell (4,4) supergravity in N=4 superspace was first formulated 



in ref. |T^, with the particular 2d, (4,4) hypermultiplet (TM-II) as a scale compen- 
sator. There is, in fact, the whole variety of the so-called variant representations for 
a 2d, (4,4) hypermultiplet The variant representations are inequivalent since 



there is no way to convert one of them into another while keeping the (4,4) supersym- 
metry. To distinguish between the different variant representations of the 2d, (4,4) 
hypermultiplet, we use the classification adopted in ref. For our purposes in 

this paper, we only need the two variant off-shell hypermultiplet s, TM-I and TM-II. 
Both have four propagating scalars, which are all singlets in TM-I, while they form 
one triplet and one singlet in TM-II, with respect to the SU{2) internal symmetry 
group rotating the N=4 supersymmetry charges p5|. The TM-II is preferable for its 



use as a (4,4) scale compensator, since it has only one scalar which can represent the 
usual Weyl transformation parameter. Still, there is no obvious reason against the 
use of the TM-I as a (4,4) scale compensator, even though it has four physical scalars 
on equal footing. Since we are not interested in presenting here all possible versions 
of the N=4 supergravity, we choose its particular version whose superfield strengths 
form a (4,4) locally supersymmetric TM-I while the (4,4) scale compensator is given 
by a TM-II, as in ref. [|14|. 



Flat = 4 superspace in two dimensions is parameterised by the coordinates 

= ix+,x=,e^\9~\e^^,e\) , (2.1) 

where x"^ and x^ are two real bosonic (commuting) coordinates, 9^^ and their complex 
conjugates 9^^ are complex fermionic (anticommuting) coordinates, z = 1,2. The 
fermionic coordinates 9^^ are spinors with respect to SU{2). Their complex conjugates 
were defined by 

(^0±iy = _ 0±. ^ 0±i = c'^0±, ^ (2.2) 

where the star denotes usual complex conjugation. The SU{2) indices are usually 
'canonically' contracted from the upper left to the lower right (the North- West /South- 
East rule), otherwise an extra sign arises. These indices are raised and lowered by 
■^See Appendix A for more about our notation. 
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and Cij, whose explicit form is given by C^^ = ie^^ and (C'-')* = Cij. We prefer 
to work in a light-cone- type basis, rather than using the 2d gamma matrices (c/. 
refs. 0, 

The spinorial covariant derivatives in the flat (4,4) superspace satisfy the algebra 
{D ,,D.} = iQj , {D ,,D.} = t d= , (2.3) 

while all other (anti) commutators vanish. 

The local symmetries of the N=4 superfield supergravity comprise the N=4 super- 
space general coordinate transformations, local Lorentz frame rotations and SU{2) 
internal frame rotations. Therefore, the fully covariant derivatives in the curved N=4 
superspace should include the tangent space generators for all that symmetries, with 
the corresponding connections P, ^. The superspace geometry of any supergrav- 
ity theory is described by suitable constraints on the torsion and curvature for the 
spinorial covariant derivatives. As far as the (4,4) curved superspace is concerned, we 
define 

= E'JDm + n^M + iTA-y , (2.4) 

where the N=4 supervielbein E^^ , the Lorentz generator M. with the Lorentz con- 
nection Qa, and the SU{2) generators J^j-' with the SU{2) connection (Ta)/ have 
been introduced. We sometimes use the dot product, ■ 3^ = (TA)/yi-' , in order 
to simplify our notation. The operators Va change covariantly under all the local 
symmetry transformations by definition, i.e. 

= e-^V^e^ , n = H^'dM + HM + iH^'yi^ , (2.5) 

where H'^ , H, and zif/ are the infinitesimal superfield parameters for the N=4 
superspace general coordinate, local Lorentz and SU (2) transformations, respectively. 

We assume that the supervielbein is invertible, and identify the lowest-order com- 
ponent in the ^-expansion of the superfield E"^ with the zweibein, E"^ = e° . Similarly, 
E^^ = -0^^ and r^j*| = A^j^ define the rest of the gauge fields for the 2d conformal 
(4,4) supergravity. The superfield torsion and curvature tensors are defined as usual, 
namely 

[Va, Vb} = Tab'^Vc + RabM + iFAB-y ■ (2.6) 

The generators for the local Lorentz and SU (2) frame transformations are defined 
by their action on spinors or the spinorial derivatives. 



±k ±1 ±k 



(2.7) 



± - ■ ± 

The supervielbein and superconnections define a highly reducible representation 
of N=4 supersymmetry, and they have therefore to be restricted by covariant con- 
straints 



The constraints defining the N=4 superfield supergravity are given by (c/. ref. ||T4 



{v±,,v±,} = 0, {V .,v..} = ^cy^, {V .,v..} = v= , 

+1 +J IJ -I -] tj 

{V+.,V_^} = -hR* , (2.8) 

as well as their complex conjugates. Given the constraints above, the additional 
constraints on the (4,4) supergravity superfield strengths Rab and (Fab)/ follow from 
the Bianchi identities. For instance, the Bianchi identity for the torsion T"^ = VE"^ 
reads 

VT^ = . (2.9) 

As far as the full algebra of the covariant derivatives is concerned, we find 

1 
4 

+ {v,'R*-Vl{S-iT) ) {CjM - y^, 



[V+.,V=] 



-2K V. +2( ^-^T ) V_ 



[V-.,V^] 



1 
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-2i?* V. -2( 5 + ) V+i 
V. -Vl{S^%T) \ {C,,M + y.j] 



[V+„V=,] = 0, [V_„V=] 



, 



+ {\/jR)V+i - (V+'i?)V_i - (V.'i?*)V.. + (V/i?*)V 



+ 2 



+- 



+1 



(VJ (S + iT))V+i + (V_' {S - iT))V. 
(v.* {S -iT))V^^ + {V^' {S + tT))V. 



RR* -S^-T^- i(V+^V_i/2) + i(V.*V^.i?*) 

-f- —I 

- |(V . 'V-i {S - iT)) + |(V+*V ..{S + iT)) 



M 



[V+^V_,/?) - {V.^'V._R*) 

+ (V^'V_^. {S -iT))- (V_^ 'V^^. {S + iT)) y, 



I 1 



[V=„V^] = 0, [V=,V=] = 



(2.10) 



The constraints following from the Bianchi identity 

VF = (2.11) 
for the SU (2) superfield strength F are given by 

V+A; F+i + V+j F+fc _j =0 , 
V_fc F+j _j + V_i F+j _fc =0 , 

(2.12) 

V F . + V F . =0 , ^ ' 

+k +i —j +j +k -i 

V F. + V F. =0 . 

—k +i — j — j +j —k 

The defining constraints (2.8) also imply further consistency relations having the 
form 

V. F +VF.-T. = F =0, 

V.F +VF. -T . * F =0. 

+fc +i — j +j +k —i +j +k =1=—* 

Taken together, they lead to the certain constraints on the (4,4) supergravity field 
strengths which comprise the complex scalar superfield R and the two real ones, S 
and T. We find 

V. R = , V R = ±2V. S , V S = ± tV T , 

±i ±i ±j ±i ±i 

[V+\V+,]i?= [V_\V_,]i? = , (2.14) 

and their conjugates, where the signs are correlated, as well as the additional reality 
condition 



V V. S] = V'VJS , (2.15) 

+1 -j J ^ - 

Eqs. (2.14) and (2.15) define the twisted-l hypermultiplet (TM-I). It is not difficult 
to check that the TM-I has 8b © 8f independent off-shell degrees of freedom (see also 
the next sect. 3). 

Some of the constraints given above were also found in ref. WM. In particular, it is 



straightforward to verify that no more consistency relations follow from the Bianchi 
identities. The (4,4) supergravity multiplet, comprising a graviton e°, four gravitini 
an SU{2) triplet of graviphotons A^, / = 1, 2, 3, a complex scalar R, and two real 
scalars S and T, appears at the component level. The supersymmetry transformation 
laws for the components of the (4,4) conformal supergravity multiplet are collected 
in Appendix B. 



3 TM-I and TM-II in curved (4,4) superspace 



In this section we provide the superspace formulation for two ofT-shell (4,4) hyper- 
multiplets, TM-I and TM-II, in the presence of the (4,4) supergravity. The rigid 



(4,4) supersymmetry hypermultiplets are known for a long time (see, e.g., ref. 
for a recent review). Their minimal versions, TM-I and TM-II, each have 8b © 8f 
independent components. 

The constraints defining the TM-I were already given in the preceding sect. 2, 
namely, 

V.5 = 0, VS=±2V.F, V F = ± G , 

±j ±i ±i ±i ±i 

[V+\V+,]i^= [V_^V_,]S = , (3.1) 

and their conjugates, in terms of four scalar superfields, the complex one B and two 
real ones F and G, with the additional reality condition 



V^.V^^Fj =V+*V.^F. (3.2) 

The independent components of the TM-I can be chosen as follows: 
dim - : 5 , B* , F , G , (4b) 
dim- i : V±iF = A±i and A^. , (Bp) (3.3) 

dim-l:V.A =A=A +C A , (4b) 

+1 -j ij (ij) ij 

where {A^ij-^Y = A^^^^ and A is real. It is now straightforward to determine the 
supersymmetry transformation laws for the TM-I components from eqs. (2.8) and 
(3.1)-(3.3). We find in addition that 

= ^CijV^B* , V_iA+j = , 

V. A = -fC V F , V. A =-A , 

+1 +j ij # -t +j ji 

V^iX^j = —jCijV^B* , V+jA_j = , 
V. A = -iC V F , V. A =A, 

-I rj = +1 -j ij 

V+fcA = iV^A_, + i(5-zr)A+fc , V_fcA = iV=A+fc + i(5 + ^T)A_fc , 

V_fcA(y) = -iCfc(i V= A+j) - ^{S + iT)Ck{i\-j) . (3.4) 



Together with their complex conjugates and the defining equations it completes the 
list of the (4,4) local supersymmetry transformation rules for the TM-I components. 

The TM-I is not the only minimal off-shell (4,4) hypermultiplet known to exist in 
two dimensions. The different minimal hypermultiplet, TM-II, can be most naturally 
introduced after noticing that the defining constraints (2.8) of the 2d, (4,4) super- 
gravity have additional local symmetry. Namely, they are invariant under the (4,4) 
super- Weyl transformations (c/. the super- Weyl symmetry of the simple (A^ = 1, 2d) 
superfield supergravity 



5v±, = ipVii + T {y±,p)M ± i{y±,p)y^^ , (3.5) 

and 

SR = PR, 6{S - iT) = P{S - iT) , (3.6) 
where the infinitesimal (4,4) superfield parameters P and satisfy the constraints 

^±kLij = ± ^ (CjfcVij + CjkV±i) P , 

rV.\V+^]L = [V.\V_^]L =0. (3.7) 

+ y - y 

In eq. (3.7) the signs are correlated, Lij = Lji or Lj* = 0, and the following reality 
conditions are imposed: 

{L,,y = V= , P* = P . (3.8) 

Eqs. (3.7) and (3.8) define the twisted-ll (TM-II) hypermultiplet in the (4,4) su- 
perspace |2^ . The independent components of the TM-II can be chosen as follows: 

b) 



dim - : P , Li^ , (4 



dim- i : ± |V±iP = x±i and Xr. , (8f) 

±« 

dim-1: V,WjLii = U, and V J L = U* , 

+ *J ' + - ij 

VJvJl =M + iN, and V.^V.^L = M - iN , (4b) 



(3.9) 



where the M and fields are real. It is straightforward to determine the rest of the 
supersymmetry transformation laws for the TM-II components. We find 

^+iX-j — '4^R* Lij — \CijU , V_iX+j = -^R*Lij + \CijU , 
V . .X . = -T V + |Ci,- V P , .x_ . = -1 V_ + lCijV_ P , 
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V-x =TiS-iT)L+^C,JM-iN) 

-I +j ^ ij 



V.x = -^{S + iT)L - \Cij{M + iN) , 



and 



V. U 

V. u = 



3i 



5i, 



+1 



+1 



(3.10a) 



V+.(M + iN) = |V=,X . - H^+'S)U, - ^R*x^. - + ^T)X^. > 

V_.(M - zN) = |V=X_^^ - 3i{VjS)L,^ + ^R*x_^ - - ^T)x_^ , 
V+.(M-ziV) = -^(5-zT)x^. , 

V-iiM + iN) = -US + iT)x , (3.106) 

~i 

Together with their complex conjugates and the defining equations it completes 
the list of the (4,4) local supersymmetry transformation rules for the TM-II compo- 
nents. 



4 The (2,2) supergravity solution 

In this section, we briefiy review some aspects of the (2,2) extended 2d supergravity 
in N=2 superspace, and its solution as presented in ref. [|16|, which are going to be 
relevant for our (4,4) supersymmetric construction in the next section. 

The N=2 superspace has two real bosonic coordinates x"^ and x= , and two complex 
fermionic coordinates and 6^ , as well as their conjugates and 9~ . In addition 
to the N=2 superspace general coordinate transformations, the full local symmetries 
of the nonminimal (2,2) supergravity include the local Lorentz symmetry, an axial 
Ua{1) and a vector f/v(l) internal symmetries. 

The geometry of the (2,2) superfield supergravity is described in terms of the 
covariant spinorial derivatives 

V± = E±^'dM + n±M + T±X + t±X , (4.1) 

where the generators of the local Lorentz, f/v(l) and Ua{1) symmetries, Ai, X and 
A", respectively, have been introduced. 
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The nonminimal (2,2) superfield supergravity is defined by the constraints (c/. 
ref. m) 



{V±,V±} = 



{V^,V.} 



2V=, , {V ,v.} 



^R*{M-iX) 



(4.2) 



{V+,V_} = 

{V+,V.} = -F{M-iX) 
The minimal N=2 supergravities appear under the restriction F = or i? = p8| 



The constraints of eq. (4.2) are invariant under the additional local Weyl (scale) 
transformations in N=2 superspace PBI, 



R* 



r± ^ e^(r± Ti2E±L) 
e2^(i?* + 4[V_,V+]L) 



fi± e^(fi± ±2E±L) , 
f±^e^(f±-22E±L) , 

e2^(F-2i[V. ,V ]L) 



(4.3) 



where the Weyl superfield parameter L can be restricted to be real (its imaginary 
part can be absorbed by the local f/v(l) transformations). 

To solve the constraints (4.2), Grisaru and Wehlau |jl6[ first removed many irrel- 
evant superfields by imposing the supersymmetric gauge 



^4 



E. 



E^ + A_+F, 



(4.4) 



which does not introduce propagating ghosts. In eq. (4.4), the reduced differential 
operators 

F± = e-^^'"^'"D±e+*^'"^'" = D± + iH'^d^ , (4.5) 

a real vector superfield and a complex scalar superfield S have been introduced. 
Substituting eq. (4.4) into the constraints (4.2), one finds that the superfield con- 
nections Aj^~ and A^^ satisfy the algebraic (quadratic) equations, which determine 
them as the functions of H"^. The two remaining independent superfields and 
S are just the (2,2) prepotentials of the non-minimal theory. In particular, the su- 
perfield S can be recognized as the N=2 scale compensator since the N=2 Weyl 



transformation is equivalent to a shift in S In the minimal versions of the (2,2) 
supergravity, the scale compensator is either a chiral or a twisted chiral N=2 scalar 
superfield |]T^, 0, ^ . It should be noticed that the supersymmetric gauge-choice 
in eq. (4.4) is not symmetric with respect to an exchange of (— ) and (— ) objects |jl7 



so that one should not expect that the two minimal versions appear on equal footing 
from the non-miminal theory. 
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5 Towards a solution to the (4,4) supergravity 
constraints 



The natural (4,4) supersymmetric generalisation of the flat (2,2) superdifferential 
operators in eq. (4.5) is given by 

E^i = e-^D±,e^ , (5.1) 

where the operator H of eq. (2.5) can be restricted to have only the 'space-time' 
imaginary part, Ti = iH"^dm, with a real vector superfield H"^, by making certain 
supersymmetric gauge choices which do not lead to propagating ghosts. The oper- 
ators E , their conjugates , and E to be defined below (see eq. (5.3)) form 

±i ±i =1=,= 

a convenient linearly independent basis of derivative operators, and satisfy a closed 



algebra in superspace. 



{E ,EJ} =G . ^-^E +G . ^=E , 

- * ^ (5.2) 

{E ,E.n =G . ^*E +G . ^=E , 

where we have introduced 

E^ = ^{E^ \E^} , and E_ = ^{E_ \E._} . (5.3) 

The 'structure constants' G's in eq. (5.2) are actually certain functions of Ti (or 
H^, after gauge-fixing), whose expicit form is determined by eq. (5.1). The full 
supervielbein operators should be related to that of eq. (5.1), in accordance with the 
Frobenius theorem [Bl, ffl, as 



E+i = {Ki)^ E+, + A+,-'E 

'+1 



E_i = (K^),' E_, + A_+'E 



(5.4) 



where the scalar S'?7(2)-tensor superfields {Ki^2)i'' and the vector S'[/(2)-tensor su- 
perfields {Aa)i' = {A^i^^ , A_i_^) have been introduced. We have in fact assumed 
in eq. (5.4) that the generalised 'holomorphicity' takes place which allows only 'un- 
dotted' indices to appear, hke in the (2,2) case. The equations for the spinorial 
supervielbein operators with 'dotted' indices are formally obtained from eq. (5.4) by 
complex conjugation. 

We now want to make use of the already established fact (sect. 3) that the two- 
dimensional (4,4) superspace supergravity defined by the constraints (2.8) is super- 
conformally fiat, similarly to the N = 1 and N = 2 superspace supergravities in two 
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dimensions [27, 2S]. It implies that the relation between the flat and curved spinorial 
derivatives, as written in eq. (5.4), should take the form of an (4,4) superconformal 
transformation. In sect. 3 we found the infinitesimal form of the (4,4) super- Weyl 
transformation but, in order to specify the matrices K12 in eq. (5.4), we need its 
finite form. As regards the (4,4) super- Weyl transformation law for the spinorial 
supervielbein componentns, one easily finds that 

{Ki)^ = {K^)^ = = exp(Fl + L)^ , (5.5) 

where the P and Lj-' superfield parameters (forming a TM-II) have been introduced 
in eqs. (3.7) and (3.8), and 1 is a unit matrix. 

It is straightforward to substitute our Ansatz (5.2) and (5.3) into the constraints 
(2.8). As a result, all the superconnections in eq. (2.4), as well as the newly introduced 
superfields A^s, are unambigously determined, as we are now going to demonstrate. 

First, using the constraint {V+j, V+j} = , we find 

E+,Q+, + 1 r+, , ' - Wn+j) + [i ^ 3) = , 
-r+, r- 'r+, I 'y; + {i ^ j) = o . 

Since E±i are linearly independent, it yields 

\{n+,5^ ' + 2t r+, , ')Kr + (z ^ 3) = -K,\E+kKr + A+k-'E_iKn + {i ^ 3) , 

(5.6) 

while A^i~^ must satisfy a differential equation 

+ A+k-^E-iA+mrn = . (5.7) 

By using the equation {V_i, V_j} = , we similarly get 

E^^E^, - ^n_,E_^ + « r_, ' - + ^ 3) = , 

lE.^T.jy - in.,T.,y - r_, ^ ' (5/t_z3^ - ^Si'^v.^y) - 

-r_, r 'r_, I 'y/ + {1^3) = . 

It implies 

Un_,6^ '-22 r_,, ')Kr + ^ 3) = Ki^E^kK,"' + A^k^'E+iK^ + ^ j) , 

(5.8) 
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while A_i^^ must satisfy an equation 

E_kA_^-^^ + A_k^\E^iA_^+^) = . (5.9) 

The next constraint {V+i, V_^} = - | ^ (^J M - y^^) yields 

lE+iT.jy + iE_jT+iy - in+.^-jy + ^n^jT+^y- 
-r+, , ' (s^'^r^iy - Wr^jy) - r_,- , ' {5,'r+iy - Wr^iy) - 

+i r i -j i J^s ~ -j r ^ +i I J^s — l^yij ■ 

Using eqs. (5.6) and (5.9), we find after some algebra that 

(5.10) 

Vt-i = —Ki {Ej^nA-k — A_k "'E-rA+n ■ 

We are now in a position to calculate the connections r±j ^ ' . In the matrix form, 
they are given by 

r+, = i O+i + iE+iP + ze^tZ+^e-^ , 

r_j — 2 ^—i 2E—iP ^6 CZ+jC , 

where we have defined 



(5.11) 



(5.12) 



U+i J " = (e2^+^)/(;7+,,'= + A+r'^U_i ^ , 
' = (e5^+^)/ ([/_,,'= + A_,+-C/+, ^ '=) . 
To get eq. (5.11), we used the identity 

E±i{e%'' = (e^)/(C/±i).'= . (5.13) 

and the matrix relation 

^±,e5^+^ = i(E±,P)e2^+^ + e5^e^t/±, . (5.14) 

The constraint {V ., V.^} = - ^ (S - iT) [S^^M - 3^^^) is equivalent to 



{E ,Ej}-^n Ej + \njE - 

+i — +i — — +i 
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E n.^ + E,^n -n n,^- 

+i - - +i +i - 



lE vJy-iEjv y-^VL vjy-\njv y+ 



+1 - - +1 ^ +1 - ^ - +1 



-v+,,'Tj 'y;-Tj 'T+iry;^-\{s-iT)y^^ . 

— I — r 

These equations yield 

- i - -n + ^5_;l5) 

+ 2^r+, ^)Kj = -K,\E+kKJ + A+k-'E_iKJ) , 

and 

{E ,E,-^}-A,'^+ {E ,E."'}-A^k~^Ay+ {E ,^."} = 0, 

+k — — n +k + —I - — n —I + 

(5.16) 



and 



E +A+k~^E =0 

-\-k ^ n, —I — ri. 



— — n + 



(5.17) 



The next constraint {V , V.^'} = i5^-'Vdp is equivalent to 

+i + 

{E ,Ej} + \Vt eJ + ^QJe + 
+ir^,k'{-Si'E^''+'^Si'E^'^-tTj ^'(6,'E+i-'^6i'E^,) = z^V^,, 



-iE r.^y + iE,^T y-in rjy+mjr y- 
-r+, k ' f 5; . '^y - '^r . ^3^) + r . ' (5, '=r+;:y - ^5, '^r+.y) + 

\ + + J + k ^ ^ 

+ I + r 

In particular, when i — j, the equations above determine V=|=. When i ^ j, we find 
the additional constraints: 

{E .E."'}-A."'- {E ,E.''} + A+k-'{E , EJ"} ~ A+k'^Ar- {E .E."} = 0, 

+k + + n +fe - -( + + n -I - 

(5.18) 
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+ 

s^T r _ g 



and 

+k + n ^ -I + n 

E.'^A+k'^ - Ay E, "A+k~^ = 0. 

+ + n - 

Finally, from the last constraint in eq. (2.8), {V , V,"'} = i5j-'V= , we find 

—i — 

{e_,,eJ} - \^_eJ - 

E nJ + E,^n - 

—i— — —i 

-iT_ik^{5i^^.^ -WVLj^-iVj ^(5,^VL_i-\5i^VL_,) = 0, 

-iE rJy + iE,^r y + ^n rjy-^n,^r y+ 

— I — r 

When i — j, it determines V= . When i ^ j, some additional constraints on A's arise, 
namely, 

(5.20) 

and 

E A.'"* ^AJ-^E Ay =0 , 

- n + 

Putting all together allows us to determine the connections Aj^-^ and A_i^K 
Eq. (5.16) actually breaks up into the two equations, 

G r-"" -iA, G .'^^ = , 

G r= G =0. 

Similarly, eq. (5.18) implies 

+ (5.23) 
-zA+fc-^A."- +A+fc-'G ."^=-A.'"- G = 0. 
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Eq. (5.20) also delivers the two equations as follows: 

id'^ + A.k+^G .™=-A.'"+G' =0, 

- I +1- - n -k+ 

The first lines of eqs. (5.23) and (5.24) are quite remarkable, since they give the 
inhomogeneous /irsi-or(ier relations between the 'undotted' and 'dotted' components 
of the SU (2)-tensor vector superfield A. 

The anticommutator {V. , V ^\ implies the second-order relations 

+i - 



—m+ + I +n— 

G J'= -iA/- -a/- A^^^+'^G .'==0. 

— m+ + m + / +n— 



(5.25) 



Eqs. (5.22) and (5.25), and eqs. (5.23) and (5.24) as well, are related by 

_^*)MG,=)-')i 



(A_+)/ = (A+-G_^+)/((G .=^-'^ = 



{A.-)\ = {A^G .=\\{G .*r'^^ 



(5.26) 



k ' 



respectively. Altogether, they allow us to explicitly determine the superfield A. In 
the matrix notation it takes the simple form. 



A^r'=[JiG .=)iG .*)-M^ A.,^^={J{G .+)(G' .=)-! 

and 



j 

\5.27a) 



(5.276) 

We conclude that substituting our Ansatz into the defining constraints (2.8) leads 
to both differential and algebraic equations on the superfields ^'s. The algebraic 
constraints fully determine that superfields and, hence, fix our Ansatz completely. 
The remaining differential equations (5.7), (5.9), (5.17), (5.19) and (5.21) become 
constraints on the only remaining (4,4) superfield H"^. These constraints should 
eliminate the redundant irreducible (4,4) superfields in the general and reducible 
(4,4) superfield H"^, and leave only that (4,4) irreducible superfield which describes 
the off-shell (4,4) conformal supergravity multiplet. It is presently unclear to us how 
to find an explicit solution to the remaining highly complicated non-linear differential 
equations on the superfield H"^ in terms of proper (4,4) superfield prepotentials, 
beyond the linearised solution ^ |18] and a perturbation theory. 



''They are not all independent, but they seem to be non-trivial, unlike that in the (2,2) case. 
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6 On the matter couplings in (4,4) supergravity 



To describe the most general matter couplings in 2d, (4,4) supergravity, one needs to 
describe first all inequivalent (4,4) matter representations in two dimensions. Con- 
structing the most general hyper mult iplet couplings in (4,4) supergravity remains an 
unsolved problem, and we are not going to solve it here. Instead, we want to con- 
centrate on the (4,4) supersymmetric matter to be represented by TM-I or TM-II 
whose selfinteractions and couplings to the (4,4) supergravity can be rather easily 
constructed in superspace, like that in four dimensions 0, |31|, 



The 2d, manifestly locally (4,4) supersymmetric action, which is quadratic in the 
TM-I matter superfields, can be written down in terms of the TM-I prepotentials 
{V,W) as follows 0: 

/ = / (fzcfe E- 



VA + YMj"] , (6.1) 

where the full supervielbein superdeterminant and the TM-I superfields, A and 
Aj^ = (o"/)jM/, whose leading components are the TM-I auxiliary fields (see sect. 3), 
have been introduced. The action (6.1) is invariant under the following gauge trans- 
formations of the prepotentials 



SV = V'"Aia + h.c. , 

(6.2) 

SVi^ = 3(73)/Vj [5iAt - \51K + C^'Af.* 
The action (6.1) can be rewritten in the chiral superspace as 

I = ^ J (fzd^eS-^^^ + h.c. , (6.3) 

where the chiral superspace density S and the reduced covariantly chiral (4,4) super- 
field $ (see appendix C) have been introduced. Eq. (6.3) can be further generalised 
to 

Iv = \j (fzd^9S-^V{<!>) + h.c. , (6.4) 

where V{^) is a homogeneous function of degree two, while maintaining all of the (4,4) 
superconformal symmetries. Eq. (6.4) is quite similar to the standard couplings of 
the N=2 vector multiplets to the N=2 supergravity in four dimensions . However, 
there are also some important differences which originate from dimensional reduction 
(see also Appendix C). 



^See ref. 1331 for a recent review. 



18 



The geometrical meaning of the action (6.4) can be most easily understood after 
rewriting it in terms of the conventional (2,2) superfields in two dimensions. The 
resulting action appears to be the special case of the general N=2 supersymmetric 
non-linear sigma-model (NLSM) coupled to the N=2 supergravity, and described by 
the action 



'7V=2 



Jd^^y (feSeE-^K{(j), <p)- J £es-^w{(j)) - J £es~^RT{(j)) + h.c. 



(6.5) 

in terms of the (2,2) Kahler potential K, the superpotential W and the dilaton field 
T (all are functions of (2,2) chiral superfields (j)"' representing (2,2) matter), where 
£ is the (2,2) chiral density and R is the (2,2) chiral superfield strength of the (2,2) 
supergravity which was already introduced in eq. (4.2). In the (2,2) case, all the 
functions W and T are independent off-shell, while the W and T are holomor- 
phic. On-shell, after eliminating the N=2 matter auxiliary fields via their algebraic 



equations of motion, that functions turn out to be related as |3^ 



w 



+ ] , (6.6) 



where the non-propagating complex auxiliary field H = R\ of the (2,2) supergravity 
multiplet has been introduced. In the particular case of a single chiral superfield (p, it 
is always possible to make the dilaton field linear, T = 0, by field redefinition. Then 
eq. (6.6) forces the Kahler metric to be flat, K = (jxp, and gives rise to the Liouville 
potential, W{<j)) = fie"^ + H 



Being rewritten in the N=2 superspace to eq. (6.5), the (4,4) supersymmetric ac- 
tion (6.4) determines all the functions K, W and T in terms of the only holomorphic 
(and homogeneous of degree two) function V. One may wonder about the appearance 
of the potential and the Fradkin-Tseytlin-type term in the action (6.5) resulting from 
the action (6.4), because these terms seem to be inconsistent with the classical N=4 
superconformal invariance of the theory under consideration. It is nevertheless possi- 
ble to have both such terms in the superconformally-invariant action if they appear 
as the result of spontaneous supersymmetry breaking, which triggers the spontaneous 
conformal symmetry breraking as well. Needless to say, it always leads to very special 
potentials generalising the Liouville one. 

To give a simple example, let us temporarily switch off the (4,4) supergravity 
fields in the (4,4) supersymmetric action (6.4). By using the results of Appendix 
C and eliminating the (4,4) matter auxiliary fields via their algebraic equations of 
motion, one arrives at the following bosonic part of the lagrangian describing the 
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purely matter part of eq. (6.4) (c/. ref. p7| ): 



+ ^M^^^W^^-2^m»..^ (6.7) 



2m"- 



dM^dm 



dNdN 



be 



-m 



where we have used the notation (see Appendix C) 

A = ^{M + iN), B = ^{P + iQ), and H{M,N) = \mV{A) . (6.8) 
V 2 V 2 

The dimensionful constants m", which appear in eq. (6.7), arise in the process of 
dimensional reduction as the expectation values of some auxiliary fields. It now be- 
comes clear that we are dealing with the NLSM having the torsion and the potential 
induced by the spontaneous supersymmetry breaking (m" 7^ 0) via dimensional re- 
duction. It should also be noticed that, due to the torsion alone, the NLSM target 
space geometry in eq. (6.7) is not quaternionic, which agrees with the general results 
of de Wit and van Nieuwenhuizen [^. By analogy with the NLSM counterpart in 
four dimensions, describing the scalar kinetic terms resulting from a chiral integral of 
a holomorphic function of N=2 (abelian) reduced chiral superfields |^T[, we call the 



NLSM target space geometry of eq. (6.7) special. Eq. (6.7) reduces to the free form 
if the function V is quadratic in the fields. 

Once the action (6.4) is known to have a superpotential, it must also possess 
the non- vanishing Fradkin-Tseytlin-type term because of eq. (6.6). The action (6.4) 
may be suitable for describing the non- critical (4,4) strings propagating in the back- 
ground spaces having special geometry . It should be noticed here that quantum- 



mechanically consistent critical N=4 strings do not exist, even in case of a non- 
trivial background space ||39|, but there is no problem with constructing quantum- 



mechanically consistent models of non-critical N=4 strings 1^^. Remarkably, no 
additional restrictions on the (4,4) supersymmetric NLSM geometry arise from the 
NLSM quantum perturbation theory, since any (4,4) supersymmetric NLSM has no 
UV divergences at all. Q 

As far as the TM-II matter theories in the curved superspace of (4,4) supergravity 
are concerned, they are extremely restricted and, until recently, no such examples were 

^As far as the NLSM of eq. (6.7) is concerned, its UV finiteness was explicitly proved in ref. 
by using the (4,4) superfield perturbation theory in two dimensions. 
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constructed. The TM-II auxiliary fields can be considered as the leading components 
of a TM-I defining the so-called kinetic (4,4) multiplet, like that in 4d. Therefore, 
TM-I and TM-II are dual to each other, though they are not equivalent |^5|]. There 
exists the locally (4,4) supersymmetric invariant given by a product of TM-I and TM- 
II |]2T| , |22| , p3| , In the curved (4,4) superspace, this invariant takes the form |^ 



Ji_ii = J (fxd^9d^eE^\liS + ST) + j d^xd^OS-^kR + h.c. 



(6.9) 



where the real superfield prepotentials 11 and S, and the chiral superfield prepotential 
A, of the TM-II have been introduced |]25[ . 



The rigidly (4,4) supersymmetric invariant describing the free TM-II action, which 



is quadratic in the fields, is known [g5|. However, its locally (4,4) supersymmetric 
generalisation does not exist. [] When being compared to the rigid (4,4) supersymme- 
try, the allowed matter couplings in the (4,4) conformal supergravity are much more 
restricted, and it is also known to be the case for the N=2 matter couplings in the 



four-dimensional N=2 supergravity [^. As far as the TM-II in 2d is concerned, this 
problem is only apparent, since there exists its improved (i.e. superconformally in- 
variant) 2d action which can be coupled to the 2d, (4,4) conformal supergravity. 
The point is that it is possible to form the TM-I out of the TM-II components in yet 
another non-linear way, namely. 



impr. 



L 



impr. 



- impr. 



L-'N + -{Xy^+xJx.. WL-', 



(6.10) 



where we have used the notation 



(6.11) 



As was shown in sect. 3, the (4,4) superspace constraints (2.8) have the hidden 
super- Weyl symmetry, the (4,4) supergravity field strengths are represented by TM-I, 
and TM-II appears as a scale compensator. The non-linear realisation of TM-I can 
be derived from a calculation of the finite form of the super- Weyl transformations. 
One finds eq. (6.10) either in the lowest order of an expansion of the finite super- Weyl 
transformation in powers of the TM-I fields, or, equivalently, in a superconformally 

^The same is true in four dimensions ]&{%■ 
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flat gauge where the (untransformed) TM-I fields are set to zero. The infinitesimal 
super-Weyl transformations given in eq. (3.6) vanish in the superconformally fiat 
gauge. 

Eq. (6.9) can now be used to define an invariant coupling of the improved TM-II 
to the (4,4) supergravity in the form 



W. = / d^xd^ed^eE-\USimpr. + STi^pr.) + J £xd^e£-'ARimpr. + h.c. 



. (6.12) 



The existence of the improved TM-11 in 2d is a direct consequence of the existence of 
the improved N=2 tensor multiplet in 4d since they are related via dimensional 
reduction. Unlike the improved N=2 tensor multiplet in 4d, its 2d counterpart does 
not have any gauge degrees of freedom, which allows the (4,4) locally supersymmetric 
component action associated with eq. (6.12) to have the manifest SU{2) internal 
symmetry. 

There actually exists an additional resource to build yet another (4,4) locally 
supersymmetric invariant, namely, the so-called Fayet-Iliopoulos (FI) term. Q In the 
curved (4,4) superspace, the FI term takes the form ||36| 



Ifi = -2^1 J d'^xd^ed'^OE-^U . (6.13) 

Given the action 

h = /impr. + Ifi , (6.14) 

the auxiliary field M of the improved TM-II enters this action in the combination 
e~'^M'^ — 2/iM. Eliminating this auxiliary field via its algebraic equation of motion 
gives rise to the Liouville potential — /z^e*^ again. The action (6.14) is therefore the 
(4,4) locally supersymmetric Liouville action. 



7 Conclusion 

In this paper we considered the superfield structure of the (4,4) conformal super- 
gravity in two dimensions, and made progress in finding a solution to its superspace 
constraints. Even though the remaining problems are of technical nature, a deeper 
insight into the complicated superspace structure of the (4,4) supergravity theory may 
be needed in order to get the explicit solution. As a next task, a detailed comparison 
with the linearised analysis may be useful, in order to find the best way to proceed. 

®The FI term was used in ref. p3| to construct the rigidly (4,4) supersymmetric Liouville action. 
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Another aspect deserving further investigations is the (4,4) locally supersymmetric 
model-building, i.e. constructing the matter couplings in 2d, (4,4) supergravity. We 
discussed in this paper only two (4,4) scalar multiplets, TM-I and TM-II, whereas 
different variant representations of hypermultiplet are also known to exist [^. It 
would be of interest to describe them also. The (4,4) non-critical strings and the 
NLSM special geometry are the natural areas for posssible applications of such models. 

The very framework of the conventional (4,4) superspace used above may hap- 
pen to be inadequate for describing the most general matter couplings in the (4,4) 
supergravity, so that the more powerful harmonic superspace method may be 
needed. The SU{2) x SU{2) harmonic (4,4) superspace approach recently proposed 
by Ivanov and Sutulin ^ may be the proper way to address general issues. The 
SU{2) X SU{2) harmonic (4,4) superspace has two independent sets of harmonic vari- 
ables and the necessarily infinite sets of auxiliary fields for an off-shell hypermultiplet 
and an off-shell (4,4) supergravity, which make the transition from any harmonic 
superspace formulation to components highly non-trivial. The exisiting resources of 
the conventional (4,4) superspace deserve to be explored further, in parallel with the 
complementary harmonic superspace approach. 

We summarize the component results about the 2d, (4,4) supergravity and the 
(4,4) string action in Appendix B. The list of symmetries of the (4,4) string action 
is also given in Appendix B. It includes both the known continuous symmetries and 
the new discrete symmetries of the string action. 
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Appendix A: notation and conventions 



We use small greek letters X, iJ,,u, . . . for the vector indices associated with the 
two-dimensional curved spacetime or the string world-sheet, and small latin let- 
ters a,b,c, . . . for the vector indices in the corresponding tangent space. The two- 
dimensional Minkowski metric is given by 

(Ai) 

Given ti to represent a Dirac spinor in the fundamental representation of SU{2), 
small latin letters k, . . . are used to denote the SU{2) indices, i = 1, 2. The SU{2) 
indices are 'canonically' contracted from the upper left to the lower right, and they 
are raised (lowered) with C*-^ (Cjj), so that the following identities hold: 



Explicitly, we have 



The complex conjugation acts on the SU (2) indices in the following way: 

(ei)* = e« . (AA) 
Thus, we deduce that dj = (C*-^)* and 

The Majorana and Dirac conjungations of spinors are defined as follows: 

? = [eTC , t = (e.)tC , (A6) 
where Cafj — is the charge conjugation matrix which obeys 

We find it useful to introduce the light-cone coordinates 

in terms of the coordinates ) of the tangent space. The index values 

a = 0, 1 here should not be confused with the similar values for the target space 
indices. 
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The light-cone components e± of a spinor e define the one-dimensional represen- 
tations of the Lorentz group SO{l, 1). The field e+ (e_) moves to the right (left), and 
they have the following transformation properties under the action of the SO (1,1) 
generator 73: 

736- = -e_ , 73e+ = e+ . (A.9) 
We identify the spinor components of e with its light-cone components e±, 

The two-dimensional gamma matrices satisfy the algebra 

(7")a'(/)/ = V'V + e''\^s)J , (^.11) 

where e"'^ is the Lcvi-Civita symbol, = 1. Explicitly, we choose (70)0'' — —io''^ , 
(7i)a^ = cr^ , and (73)^'^ = (7°7^)a^ = cr^ , or, equivalently, 

-(Jo)' ^-(o-O- 

In our component formulae to be given in Appendix B, all the spinor indices are 
omitted, as a rule. In addition, the following identities hold: 

{7«,7'}= 2^«\ 

(A13) 

737a = ^abl^ ■ 

As far as the curved 2d spacetime or the string world-sheet is concerned, we have 
the following relation for the gamma matrices: 

= rf"" + e-^e^'^73 , (A. 14) 

where e is the determinant of the zweibein e^", and e~^£^^ is the Levi-Civita tensor 
density. 

The Pauli matrices [p^^i^ satisfy the algebra 

{a' a')i = ?>''8,^ + i£^-^^(a^),^- , {a%^ = {a%^Cuj = {a% , (A.15) 
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and have the usual form 

(.v^(:;), <"''-^^(;-J- '-^) 

A calculation of the spinor bilinear relations in N=4 supersymmetry is similar to 
that in N=l or N=2 supersymmetry, but it also has some additional features due to 
the SU{2) structure. For instance, we find that 

(^■17) 

Eq. (A. 17) implies, in particular, that i/j^ipi = 0. As far as the spinor bilinears with 
Pauli matrices are concerned, we find 

= ^l^/Cp^icryhk'' = {ilj,fCa\a')i'ek = {C^i^,fC{a%hk (^.18) 

Because of the relation C7"C~^ = — ((z")^, the contraction of spinor indices over 
a gamma matrix yields 



Appendix B: (4,4) supergravity in components 

An off-shell multiplet (e^", ip^i, A^^ ^ R, S, T) of the 2d, minimal = 4 conformal 



supergravity was given in refs. p4| , [T5[ (see also refs. |^, ^ for the earlier results). 
We have e^" for the zweibein, a complex Dirac spinor -i/^^j in the SU{2) doublet- 
representation for the gravitini, and A^^ as the real SU{2) gauge field in the triplet- 
representation. The scalars T and R are all the auxiliary fields. The fields 5" and 
T are real, whereas the field R is complex. AUtogether, this gives (8 + 8) bosonic and 
fermionic degrees of freedom off-shell. 

The infinitesimal transformation laws for the 2d, N=4 conformal supergravity 
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fields read (c/. refs. [jl^, |T5 



5nA, 



P3 



- Wl^l\o%^ - 273r)e,- + ii?73e%-J + h.c. 



+ h.c. 



6qT =ie^-e^D^',p,., 



j{S - i'y-iT)tjj^i + ^R-fsip^i +h.c. 



6qR =ie^''tD^iP,, - 

6qR* = - ^e^''e'D^ru^ + le'i^^ [\{S + l^^T)1P\^ + I^^^TsV^m^ 
where we have introduced as the covariant derivative, 

The spin connection u^"'^{e, if)) is given by 

where uj^°'^{e) is the usual (torsion- free) spin connection, 



(B.l) 
{B.2) 

{B.3) 



{BA) 



Appendix C: = 2 real chiral superfield in four 
dimensions, and its dimensional reduction to d = 2 

It is often useful to formulate field theories with extended supersymmetry in higher 
dimensions and then dimensionally reduce them to lower dimensions. As far as the 
2d, = 4 field theories are concerned, one can use either the N = 1 superfields in 
six dimensions or the N = 2 superfields in four dimensions (4d). Taking the latter 
choice, the simplest N = 2 superspace constraints defining an = 2 chiral scalar 

_ • 

superfield 6f, 6*°*), = 0, 1, 2, 3 and i,j,... = 1, 2, are given by 



= = 



(c.i) 



^ In this Appendix C we use the standard four-dimensional notation [|| ^ 
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where we have introduced the (flat) superspace covariant derivatives and D.. 
satisfying the algebra 

{£>i,D.}=2«X.8„. (C.2) 

The complex supermultiplet ($, $) is reducible to the (generalised) real one by using 
the additional constraint [Hi 



The solution to the constraints (C.2) and (C.3) reads Q 

1 



2 

o Q/3 

in terms of the components 



(CA) 



{A,i;l^,C',F,,) , (as) 

where ^4 is a complex scalar, -0* is a 4d Majorana spinor isodoublet, is a real 
isovector, and F^^ is a real antisymmetric tensor satisfying the constraint 

d^F^, = . (C.6) 

Because of the constraint (C.6), the tensor F^^^, dual to F^^ can be interpreted as the 
field strength of a vector Accordingly, the supermultiplet (C.5) is usually 

referred to as the N = 2 vector multiplet in four dimensions. 

The dimensional reduction to two dimensions amounts to 92 = 93 = 0. The 4d 
isospinor -0* can then be represented in terms of 2d spinors as 

i^'=(^t^ , C'C^j^ , (C.7) 

where C is the 2d charge conjugation matrix defined in Appendix A. 



The constraint (C.6) can be easily solved after the dimensional reduction 
Foi = m = const , F23 = D , 

(C.8) 

F^_t2 = 2^ fj.i^^^'^ + B) , F^3 = Y^e^^d^i^B - B) , 

in terms of a complex scalar B and a real scalar D, where an arbitrary dimensionful 
constant m appears, in general. As a result, one arrives at the 2d, = 4 twisted 
scalar multiplet, 

{A,B,i;\C\D) , (C.g) 
lOWe define (6*3)^" = {8/89,^)6* and 0-^ = ^efO^jOP^e^p. 
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comprising two complex scalars A and B, a 2d Dirac spinor isodoublet i/j^ and the 
auxiliary fields: a real isovector and a real scalar D (8b © 8f components). It is 
called the TM-I, according to the classification proposed in ref. The transforma- 
tion laws for the TM-I version of hypermultiplet components, which are obtained via 
dimensional reduction from the transformation laws of the 4d, N=2 vector multiplet 
are given by [^| 



dA 
5B 

6D 



(aO^C^73£^ - ^(1 - l3)^^Ae' + 1(1 + ^3)tdAe' 

- iDe' + 2myse' + ide'B , 

- iei<9(a0iV^' + h.c. , 
heasdij' + h.c. , 



(aio) 



where are the 2d, infinitesimal (4,4) supersymmetry parameters forming a Dirac 
spinor isodoublet, d = 7^9^, and •j^, fi = 0, 1, are the 2d Dirac matrices defined in 
Appendix A. 

The non-vanishing dimensionful constant m triggers a spontaneous breakdown 
of the (4,4) supersymmetry. It is already ovbious from the (4,4) supersymmetry 
transformation law for the spinor fields ip^ in eq. (CIO) whose right-hand side contains 
the Goldstone term (see sect. 6 also). 
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